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Introduction

T HE accurate simulation of the aerodynamic loads on a
helicopter, for example, requires the proper modeling of

unsteady aerodynamics. Unsteady aerodynamics is particularly
important in the prediction of the aeroelastic effects, control
effectiveness, and � ight performance because of the associated
amplitude overshoots/undershoots and the aerodynamic phase
lags. Indicial theory provides a method by which the response
(aerodynamic loads), because of an arbitrary variation in the
input (pitching, � apping, gust, etc.), can be calculated via the
Duhamel integral if the indicial response is known (i.e., as-
suming linearity of the response with respect to the input). The
indicial response of a quantity (e.g., lift), with respect to any
of its in� uencing parameters (e.g., angle of attack a or pitch
rate ), is the response to a step input of the in� uencing pa-·a
rameter. Indicial response is a very important starting point for
a general time domain aerodynamic theory because it enables
the calculation of the aerodynamic loads at a relatively low
computational cost, compared to an actual on-line calculation.
At the same time, the method retains the nominal accuracy of
the � ow predictions.

The indicial response is a mathematical concept and cannot
be determined directly by experiment. However, it is possible
to relate back to the indicial response from the frequency do-
main.1 There exists exact closed-form analytical solutions for
the indicial responses in inviscid incompressible � ow.2 How-
ever, there are no exact closed-form analytical solutions for
compressible � ow for all time. The initial value of the response
(viz., noncirculatory loads) can be arrived at by use of linear
piston theory, whereas the � nal value is given by a steady-state
method. The variation of the response for intermediate time
has been the topic of much research. Lomax3 obtained exact
analytical results for the indicial responses caused by a step
change in angle of attack, a step change in pitch rate, and for
the penetration of a sharp-edged gust in subsonic compressible
� ow. However, the results are only known for a short period
of time (less than one chord of travel). Leishman1 used a semi-
empirical approach for the indicial responses, which are ob-
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tained from frequency domain measurements. Computational
� uid dynamic (CFD) calculations are the next best choice for
use in determining the indicial responses. The results from
CFD test cases need to be validated with reliable experimental
or exact theoretical results. Then, CFD can be used to consid-
erable advantage for generating important data that are not
currently available experimentally or to correct data that could
be spurious because of scatter. Another advantage of using
CFD is to obtain the time history of the pressure distributions
around the airfoil, and also to observe physical features in the
� ow such as wave propagation and vorticity convection.

The incorporation of a step change into CFD methods, nec-
essary for direct indicial response calculations, has proven to
be quite challenging. Therefore, previous approaches in using
Euler/Navier­ Stokes methods to determine the indicial re-
sponses have been indirect,4 wherein a known input is applied
that varies smoothly with time (e.g., smoothened ramp func-
tion), so that the � ow is not exposed to any discontinuities.
The Laplace transform approach is then used to extract the
indicial response by calculating and making use of the transfer
function in the frequency domain. While this approach has
been used, and has been useful, only the integrated loads can
be determined. It may not be possible to derive insight into
the features of the � ow, or to obtain the pressure distributions
around the airfoil, which may be desired. Thus, this approach
does not exploit the full power and usefulness of CFD ap-
proaches.

There are certain problems associated with using Euler/
Navier­ Stokes methods to determine the indicial responses di-
rectly if the step input is applied on the airfoil (as a boundary
condition). This results in numerical oscillations, and produces
nonphysical features in the � ow because of the in� nite time
derivative (the derivative becomes very large since the time-
step size cannot be made zero). This may also result in nu-
merical instabilities. However, this approach has been suc-
cessfully applied to transonic small disturbance methods that
utilize small disturbance boundary conditions.5 However, with
this approach, the step input in one of the parameters may
change another input, and the output obtained may not be the
correct indicial response because of the applied input. For ex-
ample, if the airfoil is suddenly exposed to the � ow at a dif-
ferent angle of attack, then the airfoil will also experience an
in� nite pitch rate (or a very large quantity). Then, the response
(e.g., lift) will certainly be a re� ection of a step change in
angle of attack as well as an impulsive change in the pitch
rate. Thus, decoupling between the parameters is practically
impossible. This is more readily apparent in determining the
indicial response caused by the pitch rate term.

In the present work, an alternate method has been imple-
mented into a Euler/Navier­ Stokes solver to directly calculate
the indicial responses of an airfoil with respect to step changes
in angle of attack and pitch rate, as well as the penetration of
a sharp-edged gust. The formulation of the method leads to a
natural decoupling of the parameters that in� uence the airfoil
loading, while at the same time, circumventing the dif� culties
associated with incorporating step changes in the input at the
airfoil boundary.

Approach
Unsteady solvers are written to incorporate so-called grid

velocity, which is used to model unsteady � ow via grid move-
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Fig. 1 Indicial response for step change in a using CFD.

Fig. 2 Comparison with exact results for step change in a for
small times.

ment. Physically, grid velocity can be thought of as the veloc-
ity of a grid point during the unsteady motion of the airfoil.
The idea is to incorporate the step change in input as a step
change in grid velocity over the entire � ow domain instead of
only at the airfoil surface. This equivalence is, in some sense,
similar to the equivalence between the � ow over a moving
airfoil in a stationary � uid, and the � ow over a stationary air-
foil in moving air. For example, a step change in the angle of
attack is incorporated as a step change in vertical velocity all
over the � ow domain. This is indeed equivalent to a step
change in the angle of attack, because the airfoil sees the � ow
as a step change in angle of attack. Also, there is no in� uence
of the pitch rate term because the airfoil is not made to pitch,
and because the step change is enforced throughout the � ow
domain and uniformly, the airfoil is exposed only to a pure
angle of attack. This results in a decoupling of the angle-of-
attack time history and the pitch rate time history. Similarly,
to obtain the indicial response caused by the pitch rate term,
the entire � ow domain is given a rotation, by imposing a grid
velocity that varies linearly with the distance from the rotation
point (typically the quarter-chord of the airfoil). This corre-
sponds to v(x, y) = r(x, y), where v(x, y) denotes the grid·a
velocity and r(x, y) denotes the distance of the grid point lo-
cated at (x, y) from the point of rotation. Once again, the airfoil
is exposed to pure pitching and not to any direct change in the
angle of attack. Here again, the effects of the angle-of-attack
history and the pitch rate history are properly decoupled. In
addition, this approach does not produce any numerical oscil-
lations, but does produce results that agree exceedingly well
with the exact solutions available in the initial stages.

Results
The computations were performed using a modi� ed two-

dimensional version of the TURNS code,6 on three different
grid resolutions, namely a coarse 101 3 21 mesh, a moderately
� ne 181 3 31 mesh, and a � ne 251 3 61 mesh to ascertain
grid size independence of the calculations. The resolution of
the grid was found to have little or no effect on the time his-
tories of the lift. Similarly, to ascertain time-step independence,
the calculations were performed for time-step sizes of =ˆdt
0.01 and 0.05 on the 181 3 31 mesh (where = ta` /c, wheret̂
a` is the freestream speed of sound and c is the airfoil chord).
The time-step size change was found to have negligible in� u-
ence on the lift time histories. Speci� c computations were per-
formed for a NACA 0006 airfoil at freestream Mach numbers
of M` = 0.3, 0.5, 0.65, and 0.8 on the 181 3 31 mesh with a
time step of = 0.05 for a step change in angle of attack of at̂
= 0.08 rad and a step change in pitch rate of 0.0035 rad/s. The
gust response calculations were performed on the same airfoil
with a gust velocity equal to 0.08 times the freestream velocity,
such that it induced a net change in angle of attack of attack
of approximately 4 deg in each case.

Figure 1 shows the computed coef� cients of lift, for a step
change in angle of attack, normalized by the angle of attack
imposed, as a function of s = 2V` /c, the nondimensional aero-
dynamic time. The results have been plotted for M` = 0.3, 0.5,
0.65, and 0.8. One important observation to make is that the
computed values for the � rst few time steps may be incorrect.
This is because of the transients involved in the sudden change
in the grid velocity. However, the computed values after the
� rst few time steps are expected to be correct since the tran-
sients have decayed to negligible values. The initial lift values
(taking the initial values to be the maximum reached when s
is close to zero) match the exact linear piston-theory value of
4/M` very closely, while the � nal values are close to the lin-
earized steady-state value of 2p/b, where b = . The21 2 MÏ `

indicial response is a combination of noncirculatory (wave
propagation) and circulatory effects. It is known that for in-
compressible � ow the noncirculatory force at s = 0 is in� nite
(Dirac delta function), whereas the circulatory force is half of

the � nal value. For s > 0, the noncirculatory component is 0,
while the circulatory force builds and reaches its maximum
value of 2p at s = `. For compressible � ow, however, the
speed of sound being � nite produces two effects. The noncir-
culatory component is � nite at s = 0 and is nonzero for s > 0.
However, it decays rapidly. Lomax3 derived exact closed-form
expressions of the indicial responses for small times for a � at
plate airfoil in linearized compressible � ow. The expression is
given by

C (s)/a = (4/M ){1 2 [(1 2 M )/2M ]s}N ` ` `

0 # s # 2M /(1 1 M ) (1)` `

Figure 2 shows a comparison of the computed and exact
results at small times. Again, bearing in mind the error result-
ing from the transients during the � rst few time steps, the data
points corresponding to the � rst two time steps have been ex-
cluded from the plot. It can be seen that the agreement is
excellent. It should also be noted that since the exact solutions
are based on linear theory, the agreement is expected to be
progressively worse for higher Mach numbers, especially
when the � ow becomes supercritical. As expected, the com-
parison is excellent for M` = 0.3 and 0.5, whereas the agree-
ment reduces progressively through M` = 0.8 as nonlinear ef-
fects become more important.

Figure 3 shows the computed results for the gust responses,
again for small times. Exact analytical results are known for
this case,3 and are shown in the � gure for a comparison. The
expression is given by

C (s)/(w /V ) = 2s/ M , 0 # s # 2M /(1 1 M ) (2)ÏN g ` ` ` `
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Fig. 3 Comparison of CFD with exact results for gust response
at small times.

where wg is the gust vertical velocity. The comparison is ex-
cellent for M` = 0.3, whereas the agreement becomes pro-
gressively worse for M` = 0.8.

Recently, this same method has been extended to be three-
dimensional to examine the indicial response of wings to a
step change in angle of attack and the resulting detailed � ow-
� eld development.7

Conclusions
A method has been developed to calculate the indicial and

gust responses of an airfoil in compressible � ow directly using
CFD. Previous work with Euler/Navier­ Stokes codes have
been restricted in the sense that the indicial responses can be
calculated only indirectly using the Laplace transform ap-
proach. Furthermore, such methods cannot give the surface
pressure time histories, and hence, may not be useful in gain-
ing insight into the physical features of the � ow. The present
method, using a grid-velocity approach, has been demonstrated
to be accurate via comparison with known exact analytical
results at t = 0 and t = ` and via comparison with exact linear
theory results for small times. The comparison is excellent for
M` = 0.3, whereas the agreement becomes progressively worse
as the � ow� eld becomes increasingly nonlinear.
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Introduction

T HE linearized equations of motion (EOM) of a � exible
aircraft contain unsteady aerodynamic terms that depend

on the Mach number M and the reduced frequency k. The exact
dependence of the aerodynamic coef� cients on M and k cannot
be expressed in the form of algebraic functions. As a result,
these coef� cients are computed for each desired Mach number
for a set of predetermined values of reduced frequencies. These
values will be referred to as the tabular values of the complex
aerodynamic coef� cients. The classical methods of solution1­ 3

of the � utter equations involve the k, p, and p ­ k methods (with
the Pade method4­ 6 considered as a form of the p method).
The k method leads to complex EOM, which are solved using
the tabular values of the aerodynamic coef� cients obtained for
simple harmonic oscillations. Therefore, the complex eigen-
values obtained before and after the � utter point do not re� ect
the damping of the different structural modes. The p and the
p ­ k methods yield complex eigenvalues that attempt to rep-
resent the actual damping of the structural modes. The p ­ k
method yields EOM that may assume either complex coef� -
cients1 or real coef� cients,3 and it is based on the tabular values
of the aerodynamic coef� cients (or on interpolated values, for
values of k between adjacent tabular points), without attempt-
ing to � t them into any explicit functional form. The EOM in
the p ­ k method are solved in an iterative fashion so that the
assumed value of k (for which oscillatory aerodynamic coef-
� cients are either available as tabular values, or as interpolated
values), converges to the computed value of the imaginary part
of a preselected eigenvalue (at a chosen airspeed). The itera-
tions are repeated, for a single mode at a time, until all of the
modes are treated for convergence in the manner just de-
scribed. The p method avoids the previous iteration process by
using explicit expressions that approximate the transient aero-
dynamics in the time domain. The main dif� culty with the p
method lies in the derivation of the approximating expressions
in the time domain for con� gurations that employ lifting sur-
face aerodynamics. The Pade method, which is essentially a p
method, is based on using the tabular values of the complex
aerodynamic coef� cients, derived for oscillatory motion, for
the purpose of � tting them into an explicit expression involv-
ing rational polynomials that are eventually used in the La-
place domain. The most common Pade representation4 assumes
the following form:

nL A ik21 j2A(k) = A 1 A ik 1 A (ik) 1 (1)0 1 2 O (ik 1 b )jj=1

where all of the Aj are real matrices, bj is a real lag term, and
i = . The Pade representation enables one to cast the21Ï
aeroelastic EOM into a set of � rst-order differential equations
with constant coef� cients, a form that enables the use of op-
timal control theory for the design of control laws to suppress
� utter and/or improve the aeroelastic behavior of the structure.
However, the introduction of the rational terms, referred to also
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